We show that AdS black hole solutions admit an analytical continuation to become magnetic flux-branes. Although a BPS AdS black hole generally has a naked singularity, the BPS flux-brane can be regular everywhere with an appropriate choice of U (1) 
Introduction
According to the AdS/CFT correspondence [1] [2] [3] , solutions in gauged supergravities can provide dual pictures of certain quantum field theories. Supersymmetric and regular solutions are of particular interest, since then the supergravity approximation can be trusted. However, in both non-gauged and gauged supergravities, solutions with these properties are rare. In the latter case, one expects that the geometry of the solution should be asymptotic to AdS spacetime at large distance. Thus, the regularity of the solution depends on its small-distance behavior. The possible short-distance regular geometries are clearly limited. One possibility is AdS D , with a different cosmological constant from the large-distance AdS D . Such a solution, which is called a domain wall, is typically supported by a scalar potential with two fixed points. This type of potential is quite rare. An example in D = 5 gauged supergravity was given in [4] . A classification of D = 4 domain walls was given in [5, 6] . Another possibility is that the small-distance geometry is AdS D−n × S n or AdS D−n × H n . Supersymmetric solutions with H 2 have been constructed in [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] , and recent examples with S 2 were given in [15, 16] 1 . These solutions are regular everywhere, since they interpolate from AdS D−2 ×S 2 or AdS D−2 ×H 2 at small distance to an asymptotic AdS D form.
These solutions are supported by a set of U(1) gauge fields carrying magnetic charges. Their electric duals, namely the AdS black holes, were constructed earlier [21] [22] [23] [24] [25] [26] [27] . By contrast, the electric solutions are typically singular. In this paper, we observe that there exists an analytical continuation in which the electric BPS AdS black hole becomes a supersymmetric magnetic flux-brane. Unlike the AdS black hole, the flux-brane is regular everywhere, interpolating between AdS D−2 × H 2 at small distance to AdS D with a boundary of AdS D−1 × S 1 in the large-distance asymptotic region.
Thus, we see that the same AdS D−2 × H 2 at small distance can interpolate to two different AdS D -type spacetimes at large distance. For the magnetic (D − 3)-branes constructed in [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] , the boundary of the AdS D -type spacetime is M D−3 × H 2 , whilst for the flux-branes presently constructed, the boundary is AdS D−1 × S 1 .
To understand why these two possibilities exist, let us write down the metric of We find that such a solution indeed exists and is closely related to the AdS black hole. This can be seen by looking at the metric ansatz for these solutions: 4) which is simply the Wick rotation of the AdS black hole ansatz:
The resulting magnetic solution is called a flux-brane because the supporting U(1)
field strength is proportional to the volume of the whole transverse space spanned by the radial coordinate r and the angular coordinate x.
The fact that the magnetic flux-brane can be obtained from an analytical continuation of the standard AdS black hole solution is not necessarily surprising. In
2 By an AdS D -type metric, we mean one with the same general structure as AdS D described in Poincaré coordinates, except that the constant-radius sections carry a curved metric, rather than a Minkowski metric, as, for example, in (1.2).
fact, it was through an analytic continuation of this kind that flux-branes were first constructed, in [28] . It was observed some time ago in [29] that a particular limit of a Reissner-Nordström black hole can be analytically continued to the Melvin Universe [30] . The latter solution is known as a flux tube [31] , a fourdimensional antecedent of the more recently-known flux-branes. The recently introduced S-branes [32] and flux-branes [33] were constructed some time ago, in [34, 35] and [36] , respectively. In fact, they are obtained by making the same kind of ansatz as that for standard p-branes. Solutions with a rather general metric ansatz of the form 6) were analyzed in detail in [34] . In the above metric, U, A and B are functions of t, and ds 2 q and ds 2 q denote metrics on maximally-symmetric spaces of positive, negative or zero curvature, with dimensions q andq, respectively. It was shown in [36] that, with the appropriate analytical continuation, the ansatz (1.6) can give rise to p-branes, as well as additional solutions which have since been called S-branes and flux-branes.
These S-brane and flux-brane solutions are non-supersymmetric. Analytical continuations of supersymmetric p-branes were obtained in [37] . Again, this is not mysterious, since first-order equations associated with supersymmetry can be viewed as the "square-root" of the second-order equations of motion. Thus, there can be two different types of first-order equations, providing two different solutions which are connected by analytical continuation. Examples of this were given in [37] .
In the present work, it is pleasantly surprising to find that the resulting flux-branes in gauged supergravity are both supersymmetric and regular. Although flux-branes in standard ungauged supergravities are typically regular, since the flux contribution vanishes at small distance and hence cannot cause a singularity, they are generally non-supersymmetric. Not only are our gauged supergravity solutions regular and supersymmetric, they have the additional property that the flux-brane world-volume is AdS instead of Minkowski spaectime.
The paper is organized as follows. In section 2, we consider as a toy model Ddimensional anti-de Sitter Einstein-Maxwell gravity. We give a detailed presentation of the construction of a non-extremal AdS charged black hole solution using a superpotential approach. Surprisingly, the extremality condition does not coincide with the BPS bound required by supersymmetry. While the supersymmetric AdS black hole is singular, a supersymmetric and regular magnetic flux-brane solution can be obtained from analytical continuation. In section 3, we apply the same analytical continuation in order to obtain supersymmetric and regular magnetic flux-branes in AdS gauged supergravities of dimensions D = 7, 6, 5 and 4. In section 4, we find the D = 5 first-order equations that follow by requiring supersymmetry. We show that the flux-branes solve these equations, and hence that they are supersymmetric.
At first sight, the charge parameters obey a complicated constraint in order to have small-distance regularity. However, for particular cases, a more appropriate defini- 
The equations of motion for the AdS black hole ansatz of the form (1.5) with * F (2) = λ Ω (D−2) can be summarized in terms of a Hamiltonian H = T + V , where T = g αβ ∂ϕ α ∂ϕ β , ϕ = (log c , log a) and
U is given by
where ǫ = ±1 or 0 according to whether the dΩ 2 D−2 has positive, negative r zero curvature. We find that U can be expressed in terms of a superpotential W as
and α is an arbitrary constant. From this superpotential, we can read off the first-
The above equations can be solved straightforwardly, by making a coordinate trans-
where the mass M and the charge parameter Q are given by
This is the non-extremal AdS charged black hole solution [21] [22] [23] [24] [25] [26] . It is rather surprising that this general non-extremal solution arises from a first-order system via a superpotential construction.
Supersymmetry Versus Extremality
AdS Einstein-Maxwell gravity can be embedded in a supersymmetric theory for D = 4
and D = 5. We shall show later that the supersymmetry of the AdS black holes requires the BPS bound M = 2Q, as well as ǫ = 1. In this case, the corresponding superpotential is given by
The solution is then
Clearly, the solution has a naked singularity at small distance. For vanishing g, M = 2Q is precisely the extremality bound for the black hole. However, in general, the extremality bound depends on g. We may define a black hole that is extremal by requiring that there exists a horizon, and furthermore, that the near-horizon geometry is not of the form R 2 . Thus, let us assume that there is a surface located at r 0 , which satisfies
The first equation implies that r = r 0 is a horizon, while the second implies that the geometry is not of the form R 2 , and hence has zero temperature. In fact, the near-horizon geometry is precisely AdS 2 × Ω D−2 . The solution is given by
where c is a non-vanishing constant. The equations of motion imply that
Clearly, there exist solutions for ǫ = 1, −1 and 0. The mass of the solution is given
Note that in the case of g = 0 and ǫ = 1, the above condition reduces to M = 2Q.
Supersymmetric and regular flux-branes
The fact that the extremality condition does not coincide with the BPS condition for the AdS black hole is rather disturbing. One may ask whether the supersymmetric solution is necessarily singular, or whether on the other hand a smooth extension can be found. The answer turns out to be the latter, and the smooth extension can be obtained by analytic continuation. All we need do is to perform Wick rotations such that the t coordinate becomes spatial and dΩ 
Clearly, if Q and g are related by
then we have
with r 18) to an AdS D -type geometry, with the boundary AdS D−2 ×S 1 , in the asymptotic region (ρ → ∞), given by
The above solution is called a flux-brane, since the 2-form field strength F (2) is proportional to the volume of the whole transverse space spanned by the radial coordinate r and the angular coordinate x. Since there is no time component in the field strength, the solution is magnetic. 
Magnetic branes which interpolate from AdS
D−3 × H 2 or AdS D−2 × S 1 . 3 For general solutions, H = ǫ + g 2 r 2 − M r D−3 − Q 2 r 2(D−3) .
Regular supersymmetric flux (D − 3)-branes
In the previous section, we have shown that the AdS Reissner-Nordström black hole in D-dimensional AdS Einstein-Maxwell gravity admits an analytical continuation to become a magnetic flux (D − 3)-brane. In four and five dimensions, both solutions have a BPS limit in which they are supersymmetric, and can be embedded in a supersymmetric theory. We now apply the same analytical continuation in order to obtain multiple-charge magnetic flux-branes in gauged supergravities of diverse dimensions.
D = 7
The bosonic sector of seven-dimensional gauged supergravity, with a truncation of the gauge fields to the U(1) × U(1) subgroup that is sufficient for constructing 2-charge black holes, is described by the Lagrangian
where
) .
2)
The two-charge AdS 7 black hole in the maximal gauged D = 7 supergravity was obtained in [26] . The solution is given by
where dΩ 
We now perform the following analytical continuation:
The extremal AdS 7 black hole solution becomes an extremal magnetic flux-brane, given by
Note that t automatically becomes spacelike without a Wick rotation. On the other hand, although we have sent r to i r, the coordinate r remains spatial. The metric approaches an AdS 7 -type metric with an AdS 5 ×S 1 boundary in the asymptotic region r → ∞, given by
In general, the metric is singular at small distance. However, for appropriate choices of the charge parameters ℓ i , it becomes AdS 5 × H 2 at small distance, and hence gives rise to a smooth solution interpolating from AdS 5 ×H 2 at small distance to the AdS 7 -type metric in the asymptotic region. Clearly, the condition for such a solution is that there exist an r 0 such that
Eliminating r 0 in the above two equations provides a relation between ℓ i and g for which the metric becomes AdS 5 × H 2 as r approaches r 0 . For the general solution We shall now consider special cases. For ℓ 1 = ℓ and ℓ 2 = 0, we have 9) and the corresponding function f is given by
Thus, the metric clearly approaches AdS 5 × H 2 near r 0 . Another simple case is when ℓ 1 = ℓ 2 = ℓ, for which we have
The geometry again approaches AdS 5 × H 2 as r → r 0 .
For generic ℓ i , we find after some algebra that the requirement of an asymptotic It is straightforward to lift the general solution (3.5) to D = 11 by using the reduction ansatz obtained in [26] . The M-theory metric is given by
where µ i are spherical coordinates which satisfy µ 2 0 + µ
The warp factor ∆ is given by
(3.14)
Since ∆ > 0 and r ≥ r 0 > 0, the metric (3.13) has no power-law singularity.
The metric (3.13) is a warped product of AdS 5 with an internal metric which can be regarded as having a reduced generalized holonomy group, since it is not Ricci-flat and involves a form field. As r approaches r 0 , the internal space can be viewed as an S 4 bundle over H 2 , with two diagonal U(1) fibres 6 .
, where∆ is the warp factor defined in [26] . 6 Supersymmetric AdS solutions of M-theory with internal spaces that can be viewed as S n bundles over various spaces have also been discussed in [10, [15] [16] [17] [18] [19] [20] 38] .
D = 6
With appropriate matter fields, the bosonic sector of six-dimensional gauged supergravity can be truncated to a U(1) × U(1) gauge subgroup, which is sufficient for constructing 2-charge black holes. The corresponding Lagrangian is given by
where 16) and
The AdS 6 black hole was obtained in [39] . Using the same convention and notation of [39] and [40] , we can follow the same strategy and obtain the extremal D = 6 fluxbranes, given by
Analogous to the D = 7 example, the solution becomes AdS 6 -type with the boundary of AdS 4 ×S 1 . At small distance, the solution can be regular if there exists an r 0 which satisfies the constraint (3.7).
Let us consider two simple cases. For ℓ 1 = ℓ and ℓ 2 = 0, we find that
A second case is when ℓ 1 = ℓ 2 = ℓ, for which we find that
For both cases, the metric approaches AdS 4 × H 2 as r approaches r 0 .
For generic ℓ i , the constraint is given by It is straightforward to lift the general solution (3.17) to D = 10 by using the reduction ansatz obtained in [39, 40] . The ten-dimensional metric is given by
where µ i are spherical coordinates which satisfy µ Note that the metric (3.21) is singular, due to the overall angular factor.
D = 5
In the conventions and notation of [26] , the relevant bosonic sector of five-dimensional gauged supergravity, truncated to the U(1) 3 subgroup of SO (6), is described by the Lagrangian
24)
The three-charge AdS 5 black hole was obtained in [21, 24] . Following the same procedure as we used previously, we obtain AdS 5 flux-branes given by
Asymptotically, the metric becomes AdS 5 -type, with an AdS 3 × S 1 boundary. In general, the solution is singular at small distance. However, we are interested in the possibility of finding choices of ℓ i such that the small-distance behavior approaches AdS 3 × H 2 . This can be achieved by satisfying the condition (3.7). The elimination of r 0 in the two equations gives rise to a constraint on ℓ i and g.
If there is only one non-vanishing ℓ i , then it can be easily seen that the constraint (3.7) cannot be satisfied. Hence in this case, there can be no AdS 3 × H 2 limit. This was also observed in [15, 16] . Now let us consider ℓ 3 = 0, with non-vanishing ℓ 1 and ℓ 2 . We find that
Another simple case arises when ℓ i = ℓ for all i, in which case
(3.27)
For both cases, the metric approaches AdS 3 × H 2 as r approaches r 0 .
For generic ℓ i , the constraint is given by It is straightforward to lift the general solution (3.25) to D = 10 by using the reduction ansatz obtained in [26] . The ten-dimensional metric is given by
where µ i are spherical coordinates which satisfy i µ 2 i = 1. The warp factor ∆ is given by
Since ∆ > 0 and r ≥ r 0 > 0, the metric (3.29) has no power-law singularity.
D = 4
In the conventions and notation of [26] , the relevant bosonic sector of the U(1) 4 truncation of gauged SO (8) four-dimensional supergravity is described by the Lagrangian
The four-charge AdS black hole in D = 4 maximal gauged supergravity was obtained in [25] . Following the same procedure we discussed earlier, we can obtain magnetic flux-branes, given by
Asymptotically, the metric approaches AdS 4 -type, with an AdS 2 ×S 1 boundary. With an appropriate choice of the parameters ℓ i , the metric approaches AdS 2 × H 2 at small distance. The constraint for general ℓ i is given by (3.7). Let us look at a few examples.
First, if more than one ℓ i vanishes, the solution does not admit an AdS 2 × H 2 limit.
For the simple choice ℓ 3 = ℓ 1 and ℓ 4 = ℓ 2 , we have
Another simple example is provided by ℓ 1 = ℓ 2 = ℓ 3 = ℓ and ℓ 4 = 0, in which case we
For the case of all ℓ i equal, the system reduces to the Einstein-Maxwell theory discussed in section 2. For these cases, the metric approaches AdS 2 ×H 2 as r approaches
It is straightforward to lift the general solution (3.33) to D = 11 by using the reduction ansatz obtained in [26] . The M-theory metric is given by 36) where µ i are spherical coordinates which satisfy i µ 2 i = 1. The warp factor ∆ is given by
(3.37)
Since ∆ > 0 and r ≥ r 0 > 0, the metric (3.36) has no power-law singularity.
4 Supersymmetry and first-order equations
Supersymmetry analysis for D = 5
We shall consider the case of D = 5 as an example. The supersymmetry transformations of the fermionic fields in the truncated U(1) 3 gauged five-dimensional supergravity are given by
We take the metric ansatz (1.4) and write the three 1-form potentials as
where the u i are functions only of r. From (4.1), we find that the first-order equations following from requiring supersymmetry arė
In addition, the field equations for the three vector potentials implẏ
where the q i are constants. It is straightforward to verify that the our solution (3.25) satisfies these first-order equations and hence it is supersymmetric. The constants q i are given by q i = 2ℓ 2 i . Note that, when all q i are equal, we can set X i = 1 and the system reduces to Einstein-Maxwell gauged supergravity. It is straightforward to verify that supersymmetry implies that M = 2Q, as stated in section 2.2.
It is worth mentioning that the first-order equations (4.3) and (4.4) do not necessarily imply the second-order equations of motion. To illustrate this, let us consider a simpler case with u 1 = u 2 = 0 and u 3 non-vanishing. In this case, we can set φ 2 = 0, which reduces the equations to a single-charge and single-scalar system. Substituting the first-order equations into the equations of motion, we find that an additional algebraic equation has to be satisfied, namely
It is easy to see that this constraint is consistent with the first-order equations. In the special case of u 1 = u 2 = 0 and φ 2 = 0, theφ 1 andċ equations of (4.3) imply the following relation: Recall that in section 2 we obtained first-order equations with a superpotential construction for the AdS black holes and flux-branes of AdS Einstein-Maxwell theory.
We found that the superpotential approach could not be extended to cases where scalar fields are present in the gauged supergravity theories. This can be understood from the fact that the first-order system is then not of itself enough to determine the solution; additional algebraic equations are needed in these cases, which are not expected to arise from a superpotential description.
While q i = 2ℓ 2 i are the charge parameters of the AdS black hole solutions, in the related AdS flux-branes it is no longer appropriate to view these as the natural charge parameters. To see this, let us consider the case in which (1.4) is the metric on AdS 3 × H 2 , for which a = e γ ρ and c is a constant. The metric can then be expressed as
where dΩ 2 and ds 2 AdS 3 are the metrics of the unit H 2 and AdS 3 , respectively. Then we have
whereq i is the charge as defined in [15, 16] . Thus, we find that
(4.9)
We expect that the complicated expression (3.28) becomes the same as the constraint found in [15, 16] , once expressed in terms of the parametersq i . As an illustration, let us consider the "two-charge" case, with ℓ 1 and ℓ 2 non-vanishing, but ℓ 3 = 0. The AdS 3 × H 2 solution can easily be found from the results in section 3.3, leading tõ
This is precisely the same as the condition given in [15, 16] . It is rather surprising that the two-charge solutions with two ostensibly different charges in fact have equal charges in the more natural parameterisation.
Supersymmetry in D = 7
As a further example, we consider the supersymmetry of the D = 7 solutions. The supersymmetry transformations of the fermionic fields in the truncated U(1) × U (1) gauged seven-dimensional supergravity are given by
2 ) ǫ ,
where σ 12 and σ 34 are generators in the Cartan subalgebra of SO (5).
From these, and writing A i = −u i dx as before, we find that the requirements of supersymmetry imply the following first-order equations:
Additionally, the field equations for the gauge fields implẏ 13) where q i are constants. Our D = 7 flux-branes satisfy these first-order equations and hence are supersymmetric.
Analytical continuation to de Sitter spacetime
A large class of supersymmetric magnetic brane solutions supported by U(1) gauge fields in AdS gauged supergravities have previously been investigated [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] An analogous analytical continuation can apply to our flux-branes. However, there is one important difference. As we shall see, the resulting U(1) gauge fields still have standard kinetic terms, with the usual sign. The analytical continuation can be implemented by the replacements
Under these transformations, the functions H i become Note that the cosmological solution can be obtained directly from the AdS black hole solutions, by sending g to i g, in which case, the coordinate r becomes automatically timelike without the Wick rolation. There is an "interior" region where the coordinate r is spatial. In this region the solution is singular. This is analogous to the Schwarzchild black hole, which behaves like a cosmological solutino inside the horizon. The difference is that in our solution, the region with r being time-like is totally regular.
The Lagrangian for de Sitter Einstein-Maxwell gravity is given by
Note that the kinetic term for F (2) has the standard sign. Using the above analytical continuation, a cosmological solution can be obtained from a superpotential construction, giving
The solution is regular everywhere if the constraint
is satisfied. This cosmological solution interpolates between dS 2 ×S D−2 in the infinite past to a dS D -type spacetime in the infinite future, i.e. 
The resulting metric is given by 
Conclusions
We have discussed how electric black holes in gauged supergravity can be analytically continued to become magnetic flux-branes. We showed explicitly that these flux-branes can be supersymmetric and regular everywhere, interpolating between Thus, the equations of the motion for the black hole are given bÿ
